Several new error bounds for theČebyšev functional under various assumptions are proved. Applications for functions of selfadjoint operators on complex Hilbert spaces are provided as well.
Introduction
In recent years the approximation problem of the RiemannStieltjes integral ∫ ( ) ( ) via the famousČebyšev functional
increasingly became essential. In 1882,Čebyšev [1] derived an interesting result involving two absolutely continuous functions whose first derivatives are continuous and bounded and is given by
and the constant 1/12 is the best possible. In 1935, Grüss [2] proved another result for two integrable mappings , such that ≤ ( ) ≤ Φ and ≤ ( ) ≤ Γ; the inequality
holds, and the constant 1/4 is the best possible.
In [3, 
where ‖ℎ‖ := (∫ |ℎ( )| ) 
we have 1 8 ≤ ( , ) ≤ 1 4
for all = /( − 1), > 1. Furthermore, we have the following particular cases in (4).
(1) If = = 2, we have
(2) If → ∞, we have
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In 1970, Ostrowski [4] has proved the following combination of theČebyšev and Grüss results:
where is absolutely continuous with 
provided that , are two absolutely continuous functions on
2 is the best possible. More recently, and using the identity ( [3] , page 246),
Dragomir [6] has proved the following inequality. 
where ⋁ ( ) denotes the total variation of on the interval [ , ] . The constant 1/2 is best possible in (12) .
Another result when both functions are of bounded variation was considered in the same paper [6] , as follows.
The constant 1/4 is best possible in (13).
Many authors have studied the functional (1) and, therefore, several bounds under various assumptions have been obtained; for more new results and generalizations the reader may refer to [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
On other hand and in order to study the difference between two Riemann integral means, Barnett et al. [22] have proved the following estimates. ( ) .
Then for ≤ < ≤ , we have the inequality
The constant 1/4 in the first inequality and 1/2 in the second inequality are the best possible.
After that, Cerone and Dragomir [23] have obtained the following three results as well. 
where ( 
Inequality (17) is best possible in the sense that we cannot put in the right-hand side a constant less than 1.
Theorem 6. Let : [ , ] → R be a mapping of bounded variation on [ , ].
The following bounds hold:
where
In this paper by utilising amongst others the inequalities from Theorems 3-6, several new bounds for theČebyšev functional T( , ) are provided.
The inequalities (15)- (18) are used in an essential way to obtain new error bounds for the T( , ), which gives a significant application for these inequalities. Applications for functions of self-adjoint operators on complex Hilbert Spaces are provided as well.
The Case When Is of Bounded Variation
We may start with the following result.
Theorem 7. Let , : [ , ] → R be such that is of bounded variation on [ , ] and is absolutely continuous on [ , ]; then
where ‖ ⋅ ‖ are the usual Lebesgue norms; that is,
, for ≥ 1,
Proof. Using integration by parts, we have 
As is of bounded variation on [ , ] , by (22) we have
In the inequality (15), setting = and = , we get
Substituting (24) into (23), we get
2 , which proves the first inequality in (19) .
In the inequality (16), setting = and = , we get 
where > 1 and (1/ ) + (1/ ) = 1, which proves the second and the third inequalities in (19) .
Another result when is of --Hölder type is as follows.
Theorem 8. Let , : [ , ] → R be such that is of bounded variation on [ , ] and is of --Hölder type on [ , ]; then
Proof. As is of bounded variation and is of --Hölder type on [ , ], by (23) and using (17) we have
since sup ∈[ , ] ( − )( − ) = ( /( + 1) +1 )( − ) +1 , which completes the proof.
Theorem 9. Let , : [ , ] → R be such that is of bounded variation on [ , ] and is monotonic nondecreasing on [ , ]; then
Proof. As and is of bounded variation on [ , ] and is monotonic nondecreasing on [ , ], by (22) and using (23) we have
In the third part of inequality (18), setting = and = , we get
Substituting (32) into (31), we get
and thus the proof is finished.
The Case When Is Lipschitzian
In this section, we give some new bounds when isLipschitzian.
Theorem 10. Let , : [ , ] → R be such that isLipschitzian on [ , ] and is an absolutely continuous on [ , ]; then
where > 1 and (1/ ) + (1/ ) = 1. 
Proof. Using the fact that for a Riemann integrable function : [ , ] → R and -Lipschitzian function ] : [ , ] → R, one has the inequality
where for the last inequality we used the inequality (15), with = and = , (see (24)).
In the inequality (16), setting = and = , we get
Substituting (37) into (36), we get
, and
which proves the second and the third inequalities in (34).
Theorem 11. Let , : [ , ] → R be such that isLipschitzian on [ , ] and is of --Hölder type on [ , ]; then
Proof. As is -Lipschitzian and is of --Hölder type on [ , ], by (36) and using (17) we have
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which completes the proof.
Corollary 12. In Theorem 11, if is -Lipschitzian on [ , ]
, then we have 
Proof. As is -Lipschitzian on [ , ] and is monotonic nondecreasing on [ , ], by (35) and using (36) we have
In the third part of inequality (18) , setting = and = , we get
Substituting (46) into (45), we get
More Inequalities
In this section we give other related results. 
The constant 1/4 is the best possible.
Proof. As and is of bounded variation on [ , ], by (22) and using (23), we have
In the first inequality of (18), setting = and = , we get
Substituting (50) into (49), we get
which proves the inequality. The sharpness case trivially holds by taking ( ) = ( ) = sgn( − (( + )/2)), which completes the proof.
When the integrator is of bounded variation we have the following.
Theorem 15. Let , : [ , ] → R be such that isLipschitzian on [ , ] and is of bounded variation on [ , ]; then
Proof. As is -Lipschitzian on [ , ] and is of bounded variation on [ , ], by (22) and using (23), we have
In the second inequality of (18), setting = and = , we get
Substituting (54) into (53), we get
and the proof is completed. 
The constant 1/12 is the best possible.
Proof. As and are 1 -and 2 -Lipschitzian on [ , ], respectively, by (35) and using (36), we have
Substituting (58) into (57), we get
which proves the inequality. The sharpness case trivially holds by taking ( ) = ( ) = , which completes the proof. 
We leave the details to the interested reader.
Applications for Self-Adjoint Operators
We denote by B( ) the Banach algebra of all bounded linear operators on a complex Hilbert space ( ; ⟨⋅, ⋅⟩). Let ∈ B( ) be self-adjoint and let be defined for all ∈ R as follows:
Then for every ∈ R the operator
is a projection which reduces . The properties of these projections are collected in the following fundamental result concerning the spectral representation of bounded self-adjoint operators in Hilbert spaces; see for instance [24, 
where the integral is of Riemann-Stieltjes type. 
Moreover, we have the equality
